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(1) (20%) Let V and W be vector spaces, and let T : V — W be linear. If V is finite-dimensional,
prove that nullity(7") + rank(7") = dim(V).

(2) Let My be the vector space of all real 2 x 2 matrices. Let

1 2 2 1
A= and B =
-1 3 0 4
Define L : Msyo — Maoys by L(X) = AXB.

(a) (5%) Prove that L is a linear transformation.

(b) (15%) Compute the trace and the determinant of L.

0.25 025 0.25
(3) Let A= 0.35 035 0.35

0.40 0.40 0.40
(a) (5%) Let A be an eigenvalue of A. Prove that || < 1.

(b) (10%) Compute lim A™.
n—oc
(¢) (15%) Suppose agl + a1 A + as A% + A3 = 0. Find ag, a1 and as.
(4) (a) (20%) Let V be a finite-dimensional inner product space, and let T be a linear operator
on V. Define the adjoint of the operator T', which is symbolically denoted by T*, by the
unique linear operator on V satisfying (T'(z),y) = (x,T*(y)) for all z,y € V. Here (, )

is the inner product on V. Prove that the definition is well-defined.

(b) (10%) Let T : C2 — C? be defined by T(ay,az2) = (2ia; + 3az,a; — az). Find T*.



